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Abstract
A rotationally symmetric n-harmonic map is a rotationally symmetric p-harmonic map between two
n-dimensional model spaces such that p = n. We show that rotationally symmetric n-harmonic maps can
be integrated and are n-harmonic diffeomorphism, and apply such results to investigate the asymptotic
behaviors of these maps. We also derive this integrability using Lie theory.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
The p-harmonic maps (p  2) are the solutions of the Euler–Lagrange equations associated
with p-energy E(φ) defined by
E(φ) = 1
p
∫
M
|dxφ|p,
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mannian manifold M is called a model space (see, e.g., [8]) if
M = Mn(f ) ≡ (Sn−1 × [0,+∞), f 2(r) dϕ2 + dr2),
where (Sn−1, dϕ2) is the (n − 1)-dimensional Euclidean sphere. When a p-harmonic map φ
between model spaces Mn(f ) and Nn(g) satisfies the rotational symmetry condition
φ(r,ϕ) = (y(r), ϕ) for all ϕ ∈ Sn−1,
then y satisfies the following ordinary differential equation [6]:
(
θ(r)
p
2 −1y′
)′
(r) + (n − 1)θ(r) p2 −1 f
′(r)
f (r)
y′(r) − (n − 1)θ(r) p2 −1 g(y(r))g
′(y(r))
f (r)2
= 0,
(1.1)
such that y(0) = 0. Here
θ(r) = y′(r)2 + (n − 1)g(y(r))
2
f (r)2
, (1.2)
and the warping functions f,g satisfy the conditions
f,g ∈ C1[0,∞), f (0) = g(0) = 0, f ′(0) = g′(0) = 1, f ′, g′ > 0. (1.3)
Throughout the paper, we shall assume that f and g satisfy (1.3). When the independent variable
is not specified, ′ denotes the derivative with respect to r , while g′(y) denotes the derivative of
the function g with respect to y. We shall also assume n, dimension of the domain manifold, to
be greater than 1, for the case n = 1 is trivial.
Let 0 < R0 ∞ and y ∈ C2(0,R0) ∩ C[0,R0) be a positive function (i.e. y > 0 in (0,R0))
satisfying limr→0+ y(r) = 0. In the following, by an abuse of language, we call y a rotation-
ally symmetric p-harmonic map between model spaces Mn(f ) and Nn(g). Each rotationally
symmetric p-harmonic map stands for a p-harmonic map, with possibly infinite p-energy [6].
In this paper, we are interested in the case when p = n, which we call rotationally symmetric
n-harmonic maps.
A p-harmonic map when p = 2 is usually called a harmonic map. In this case, (1.1) is reduced
to
y′′(r) + (n − 1)f
′(r)
f (r)
y′(r) − (n − 1)g(y(r))g
′(y(r))
f (r)2
= 0. (1.4)
Equation (1.4) was first systematically studied by Ratto and Rigoli [12]. See also [13,14]. It is
easy to see [3] that when n = 2, (1.4) becomes
f (fy′)′ = g(y)g′(y)
which can be integrated to obtain
f (r)y′(r) = g(y(r)). (1.5)
Equation (1.5) has a nice geometric interpretation, which is the conformality of the map.
Conformality is known for harmonic maps even without rotational symmetry, provided that the
harmonic maps are maps between 2-dimensional manifolds of genus zero.
In this note, it will be shown that all rotationally symmetric n-harmonic maps satisfy (1.5),
and hence are conformal maps, except perhaps at the origin. In other words, the associated
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of n. This is a bit surprising but in fact not so in view of the conformal invariance of the as-
sociated p-energy functional. The interested reader may refer to [10, pp. 3–4] and a paper by
D’Onofrio and Iwaniec [11] for an exposition of this well-known fact.
We shall show that (1.1) can be integrated to obtain (1.5) when p = n. Applying (1.5), we
find that the inverse of a rotationally symmetric n-harmonic map is also a rotationally symmet-
ric n-harmonic map. Thus each rotationally symmetric n-harmonic map stands for a harmonic
diffeomorphism! For some special model spaces, we can solve (1.5) for closed form solutions.
Theorem 1.1. Let y ∈ C1(0,R0). If y satisfies (1.5) with y(r0) > 0 for some r0 ∈ (0,R0), then
y ∈ C2(0,R0) ∩ C[0,R0) with y > 0 in (0,R0) and y(0) = limr→0+ y(r) = 0. Moreover it is a
rotationally symmetric n-harmonic map.
Proof. Let y be a solution of (1.5). It is clear that y(r) 	= 0 for all r ∈ (0,R0), otherwise the
uniqueness of solution to ordinary differential equation requires y be identically zero on (0,R0),
contradicting y(r0) > 0 for some r0. Hence y is a positive function. Since y is strictly monotone
increasing, limr→0+ y(r) exists. Therefore we can assume y ∈ C[0,R0).
Regularity bootstrap on (1.5) gives y ∈ C2(0,R0). From its definition (1.2), θ = ng(y)2/f 2.
With p = n, it can then be checked that y satisfies (1.1) by simple calculations. Hence y is a
rotationally symmetric n-harmonic map.
Next, let y0 = y(r0). We can integrate (1.5) to obtain
y0∫
y(r)
dξ
g(ξ)
=
r0∫
r
dη
f (η)
.
From condition (1.3), the right-hand side of the above equation goes to infinity like − log r as
r → 0. Thus it is necessary for limr→0+ y(r) = 0 in order for its left side to balance such a
blow-up. The proof is complete. 
Not only solutions of (1.5) are sufficient conditions for them to be solutions of (1.1), they are
also necessary conditions as indicated by the following theorem.
Theorem 1.2. Let y ∈ C2(0,R0) ∩ C[0,R0) be a positive function. Then y is a rotationally
symmetric n-harmonic map from Mn(f ) to Nn(g) with y(0) = 0 if and only if it satisfies (1.5).
Furthermore the inverse function of y is also a rotationally symmetric n-harmonic map from
Nn(g) to Mn(f ).
Remark. Since it is well known that Rn and Hn are model spaces with warping functions r
and sinh r , respectively, we can solve for the corresponding rotationally symmetric n-harmonic
maps. Thus the only family of rotationally symmetric n-harmonic maps is y = Cr from Rn to Rn;
y = C tanh r/2 from Hn to Rn; y = 2 tanh−1(Cr) from Rn to Hn; and y = 2 tanh−1(C tanh r/2)
from Hn to Hn, respectively. The details are given in [3]. When the model space is the n-sphere
Sn instead of Hn, the function tan will appear in the map instead of tanh.
In [1], Chang, Ding and Ye proved an interesting result concerning the blow-up phenomenon
for rotationally symmetric harmonic flow from a unit ball of R2 to S2. Later Grotowski [9]
extended the result to harmonic flow from a unit ball of R3 to S2. We recently extended the
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family of rotationally symmetric n-harmonic maps obtained above played a crucial role in the
construction of suitable subsolutions for the heat flow.
Another application of Theorem 1.2 is to understand how the warping functions of model
spaces relates to the growth of rotationally symmetric n-harmonic maps. For p  2, which may
differ from n, a rotationally symmetric p-harmonic map y satisfies y′(r) > 0 for all r > 0 [3,6].
Thus y has one of the three kinds of asymptotic behaviors: bounded on R+, or blows up at a
finite point, or goes to infinity as r → ∞. If p = n, we can exploit the exact integrability in this
case to classify this asymptotic behavior. It turns out these are determined by whether 1/f and
1/g lie in L1(1,∞) or not. More precisely, we have the following theorem.
Theorem 1.3. Let y ∈ C2(0,R0) ∩ C[0,R0) be a rotationally symmetric n-harmonic map from
Mn(f ) and Nn(g) with y(0) = 0. Here 0 < R0 ∞ is the maximal interval of existence for the
solution y.
(a) If 1/f ∈ L1(1,∞) and 1/g /∈ L1(1,∞), then R0 = ∞, and y is bounded on R+.
(b) If 1/f /∈ L1(1,∞) and 1/g ∈ L1(1,∞), then R0 is finite, and y is unbounded on (0,R0).
(c) If both 1/f and 1/g do not lie in L1(1,∞), then R0 = ∞ and y is unbounded on R+.
(d) If both 1/f,1/g ∈ L1(1,∞), then there exists a unique rotationally symmetric n-harmonic
map yβ which behaves like in case (c). Rotationally symmetric n-harmonic maps lying above
yβ behaves like in (b), while those lying under yβ behaves like in (a). All such maps do not
intersect one another in the y versus r plane except at (r, y) = (0,0).
Remarks.
(1) Let f,g ∈ C3[0, η). It follows naturally [4, p. 1253] from rotational symmetry that f ′′(0) =
g′′(0) = 0. Hence by [5, Theorem 2.1] and [4, Theorem 2.11] that for any rotationally sym-
metric n-harmonic map y, y′(0) exists and y ∈ C1[0,R0). In such a case, results in part (d)
imply that there exists an α0 > 0 such that if y′(0) > α0, then y behaves as in case (b) in the
above theorem. While if y′(0) < α0, it behaves as in case (a).
(2) We note that part (a) of the above theorem has been shown to hold for rotationally symmetric
harmonic maps [4, Theorem 5.10].
The integrability of (1.1) demonstrates some kind of symmetry within the equation. We find
that one can use Lie’s theory to derive such an integrability. This derivation, though formal,
seems to be interesting too.
We shall prove Theorem 1.2 in Section 2. Differential identities derived from (1.1) are crucial.
Theorem 1.3 will be proved in Section 3. In Section 4, (1.5) is derived for the special case
f (r) = r using Lie’s theory. This symmetry should be due to conformal invariance.
2. Rotationally symmetric n-harmonic maps
We recall that a rotationally symmetric n-harmonic map between the model spaces Mn(f )
and Nn(g) involves finding a positive classical solution y to Eq. (1.1) with p = n and y(0) ≡
limr→0+ y(r) = 0 in the interval [0,R0). Here 0 < R0 ∞ is the maximal interval of existence
for such solution. Though y may not be in C1[0,R0), its derivative cannot blow up too quickly
near r = 0 in the following sense.
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lim
r→0+
f (r)y′(r) = 0.
Proof. First, we derive from (1.1) that(
f n−1θ
n
2 −1y′
)′ = (n − 1)f n−3θ n2 −1g(y)g′(y) 0.
This allows us to conclude that f n−1θn/2−1y′ is monotonically increasing. It therefore makes
sense to define a finite number γ  0 (as it is known that y′ > 0 [6, Lemma 2.1]) satisfying
γ ≡ lim
r→0+
f (r)n−1θ(r)
n
2 −1y′(r). (2.1)
When n = 2, (2.1) is reduced to limr→0+ f (r)y′(r) = γ . If γ > 0, let y′(r) = γ /r + o(1/r)
for r  r0, where r0 > 0 is sufficiently small. Upon integration, y = γ log r + o(log r) for r  r0.
This contradicts the hypothesis that y is bounded in [0, r0]. Thus γ = 0.
When n 3, we substitute (1.2) into (2.1) to obtain
γ = lim
r→0+f (r)y
′(r)
(
f (r)2y′(r)2 + (n − 1)g(y(r))2) n2 −1.
Hence
lim sup
r→0+
(
f (r)y′(r)
)n−1  γ  lim inf
r→0+
(
f (r)2y′(r)2 + (n − 1)g(y(r))2) n−12 .
As limr→0+ g(y(r)) = 0, we have γ 1n−1 = limr→0+ f (r)y′(r). With a similar argument as above,
γ = 0. 
Proof of Theorem 1.2. Let y be a positive solution of (1.5). By Theorem 1.1, y(0) = 0 and it is
a rotationally symmetric n-harmonic map.
Conversely, let y be a rotationally symmetric n-harmonic map with y(0) = 0. Hence,
y′′ + (n − 1)f
′
f
y′ +
(
p
2
− 1
)
θ ′
θ
y′ − (n − 1)g(y)g
′(y)
f 2
= 0, (2.2)
where we have suppressed the dependency of the various functions on r for notation simplicity.
To eliminate θ from the above equation, we first differentiate (1.2) with respect to r ,
θ ′ = 2
[
y′y′′ + (n − 1)f
2g(y)g′(y)y′ − ff ′g(y)2
f 4
]
. (2.3)
Upon eliminating y′′ from the above equation and (2.2), we obtain[
(p − 1)y′2 + (n − 1)g(y)
2
f 2
]
θ ′ = 2(n − 1)θ
[
2g(y)g′(y)y′
f 2
− f
′
f
(
y′2 + g(y)
2
f 2
)]
.
When p = n, it becomes
θ ′ = 2θ
{
2g(y)g′(y)y′
f 2y′2 + g(y)2 −
f ′
f
}
. (2.4)
Substituting (2.4) into (2.2) yields
y′′ + f
′
y′ = (n − 1)g(y)g
′(y)
2 − 2(n − 2)
g(y)g′(y)y′2
2 ′2 2 .f f f y + g(y)
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fy′(fy′)′ = (n − 1)g(y)g′(y)y′ − 2(n − 2)f
2g(y)g′(y)y′3
f 2y′2 + g(y)2 .
This is equivalent to
(
f 2y′2 − g(y)2)′ = (n − 2)g(y)2 − f 2y′2
g(y)2 + f 2y′2
(
g(y)2
)′
. (2.5)
Define u = f (r)2y′(r)2 − g(y)2 and v = g(y)2. With y > 0, we have v > 0 in the interior of
the domain. Therefore u + 2v > 0 and (2.5) is equivalent to
(u + 2v)u′ + (n − 2)uv′ = 0.
Multiplying the above equation by u(u + 2v)n−3, it can be checked that its left-hand side can be
readily integrated to obtain u2(u + nv)n−2 = C for some constant C  0. Hence(
f 2y′2 − g(y)2)2(f 2y′2 + (n − 1)g(y)2)n−2 = C.
We can now use Proposition 2.1. Together with limr→0+ g(y(r)) = 0, we conclude that C = 0
by taking limit as r → 0+. Therefore, f (r)y′(r) = g(y) has to hold. This proves the first part.
For the second part, we consider r as a function of y. Then r ′(y) = 1/y′(r) and so by (1.5),
r ′(y)g(y) = f (r). 
3. Proof of Theorem 1.3
Define r0 = R0/2, and y0 = y(r0). Since y satisfies (1.5) by Theorem 1.2,
y(r)∫
y0
dξ
g(ξ)
=
r∫
r0
dη
f (η)
. (3.1)
Let G(y(r)) and F(r) be the above integrals on the left-hand side and the right-hand side, re-
spectively. Hence the above equation is equivalent to
G
(
y(r)
)= F(r). (3.2)
Equation (3.2) shows how the growth of y relates to the warping functions. The solution can be
continued to r = R0 when either R0 or y(R0) blows up.
Without loss of generality, we can assume integrability of 1/f and 1/g on the interval [1,∞)
is equivalent to that on the intervals [r0,∞) and [y0,∞), respectively.
(a) With the indicated integrability of 1/f and 1/g in this case, we have M ≡ F(∞) being
finite and G(∞) = ∞. From (3.2), G(y(r)) = F(r)M for all r ∈ [0,R0). Thus y is bounded
on [0,R0). Since either R0 or y(R0) blows up, we can conclude that R0 = ∞.
(b) In this case, F(∞) = ∞ and M ≡ G(∞) being finite. Thus by (3.2) F(r) = G(y(r))M
for all r ∈ [0,R0). Hence R0 has to be finite. This leads us to conclude that y(R0) = ∞.
(c) In this case, F(∞) = G(∞) = ∞. We know either R0 or y(R0) blows up. But either term
blows up will trigger the blow-up of the other. For example, let R0 = ∞. Hence (3.2) dictates that
limr→∞ G(y(r)) = F(∞) = ∞. This is possible only when y(R0) = ∞. Similarly y(R0) = ∞
implies R0 = ∞.
(d) In this case, both G(∞) and F(∞) are finite. For any α > 0, let yα denote the rotationally
symmetric n-harmonic map such that yα(r0) = α. (Such n-harmonic solution always exists by
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lution by its slope at r = 0.) By the uniqueness theorem of solution to initial value problems for
ordinary differential equations, solution trajectories corresponding to different values of α cannot
intersect one another. Hence for any r1, yα2(r1) > yα1(r1) if α2 > α1, as long as both solutions
exist at r = r1.
Define the function h such that h(α) ≡ ∫∞
α
dξ/g(ξ). As α → 0, h(α) → ∞. On the other
hand, when α → ∞, h(α) → 0. Hence there exists a unique β > 0 such that h(β) = F(∞).
Subcase (d1). Let α < β . Therefore
∞∫
α
dξ
g(ξ)
>
∞∫
β
dξ
g(ξ)
= F(∞). (3.3)
From (3.2),
yα(r)∫
α
dξ
g(ξ)
=
r∫
r0
dη
f (η)
for r ∈ (0,R0). We know either R0 = ∞ or yα(R0) = ∞ in the above equation. As we gradually
increase both r and yα(r), it is clear that r hits ∞ first because of (3.3). Hence R0 = ∞ and yα
is bounded in R+.
Subcase (d2). Let α > β . Therefore
∞∫
α
dξ
g(ξ)
<
∞∫
β
dξ
g(ξ)
= F(∞). (3.4)
Similar argument as in subcase (d1) shows that R0 is finite and yα(R0) = ∞.
Subcase (d3). Let α = β . Therefore
∞∫
α
dξ
g(ξ)
=
∞∫
β
dξ
g(ξ)
= F(∞). (3.5)
Similar argument as in subcase (d1) shows that R0 = ∞ and yα(R0) = ∞.
The proof of this theorem is now complete.
4. Derivation of integrability using Lie’s theory
We now formally derive the integrability of the rotationally symmetric n-harmonic map when
f (r) = r using calculus of variation. In order to do so, we need an additional restriction on the
class of solutions that we study. This derivation reinforces the common belief that symmetry
of a functional will imply the integrability of the resulting Euler–Lagrange equation. Similar
treatment on invariant Lagrangian can be found in the literature, for example [7].
Let L : [0,∞) × R2 → R, which is defined by
L(t, z,p) = tn−1
(
p2 + (n − 1)g(z)
2
2
)n/2
,t
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I (y) =
R0∫
0
L
(
r, y(r), y′(r)
)
dr
for those functions y such that L is integrable. Since
L(r, y, y′) = rn−1
(
y′2 + (n − 1)g(y)
2
r2
)n/2
, (4.1)
the function rn−1y′n is integrable. Assume that the functional I is Fréchet differentiable, its
critical point will satisfy the Euler–Lagrange equation
d
dr
(
Lp(r, y, y
′)
)= Lz(r, y, y′). (4.2)
It can be verified by direct computation that this is the same as (1.1) when f (r) = r .
Next we exploit the symmetry associated with the functional I . Take any α > 0 and consider
the transformation⎧⎨
⎩
r˜ = αr,
y˜(r˜) = y
(
r˜
α
)
= y(r). (4.3)
It can be checked from (4.1) that for all α > 0,
r˜L
(
r˜ , y˜(r˜), y˜′(r˜)
)= αrL
(
αr, y(r),
1
α
y′(r)
)
= rL(r, y(r), y′(r)). (4.4)
As a consequence, I (y) = I (y˜). We expect such a symmetry will have an implication on the
integrability of the Euler–Lagrange equation (1.1).
Since L(r, y(r), y′(r)) is independent of α, if we differentiate (4.4) with respect to α and then
evaluate at α = 1, we will get
rL + r(rLt − y′Lp) = 0, (4.5)
where L, Lt and Lp are evaluated at (r, y(r), y′(r)). Now define J = rL − ry′Lp where L and
Lp are evaluated at (r, y(r), y′(r)). Hence for r > 0,
dJ
dr
= r(Lt + y′Lz + y′′Lp) + L −
[
y′Lp + ry′′Lp + ry′ d
dr
(Lp)
]
= [L + rLt − y′Lp] + ry′
[
Lz − d
dr
(Lp)
]
= 0
because of (4.5) and (4.2). Upon integration, we obtain
r(L − y′Lp) = constant ≡ C1. (4.6)
From (4.1), we observe that the term rL − ry′Lp behaves like (1 − n)rny′n as r → 0+. Com-
bining this information with (4.6), it is immediate that rn−1y′n behaves like C1
(1−n)r as r → 0+.
Since L(r, y, y′)  rn−1y′n, the function L(r, y, y′) will be integrable only when C1 = 0. We
restrict our attention to this class of solution. Therefore for r > 0,
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= nrn−1y′2
(
y′2 + (n − 1)g(y)
2
r2
) n
2 −1
.
Hence
y′2 + (n − 1)g(y)
2
r2
= ny′2,
which implies
fy′ = g(y)
since f (r) = r . The formal derivation of integrability using Lie’s theory is now complete.
Furthermore we remark that not only Theorem 1.2 provides a rigorous justification of the
above intuition, it actually shows that any positive solution y must satisfy C1 = 0 and hence the
functional I (y) will be defined.
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